International Journal of Universal Science and Engineering http://www.ijuse.in

(JUSE) 2015, Vol. No. 1, Jan-Dec e-ISSN: 2454-759X, p-I1SSN: 2454-7581

A MATHEMATICAL STUDY OF BLOOD FLOW
THROUGH STENOSED ARTERY

Sapna Ratan Shah
Department of Mathematics, Harcourt Butler Technological Institute,
Kanpur - 208002, (India)

ABSTRACT

This paper deals with the rheological character of blood flow thr by assuming blood
as Bingham Plastic and Herschel-Bulkley fluid model. The irr frequent
effect of vascular disease. Such constrictions disturb normal blood results
show that blood pressure increases very significantly in as the

has significant effects on the velocity profile of the
It has been concluded in this paper that the Hersc
Bingham Plastic fluid model. Present modelgs abl
flow of blood

od flow and the magnitude ear stresses.
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1. INTRODUCTI

supplying blood to all organs and tissues
products. Hemodynamic simulation studies
have been frequent i ding of functional, diagnostic and therapeutic
oyed compartmental representations or branching
eir geometrical substrate, as well as localized multidimensional
ted to study arterial flow in more fine, detailed aspects. The
ry bifurcation is of great clinical interest with respect to both,
of atherosclerotic diseases. It is well-known that the flow
sinus has the propensity to develop atherosclerotic plagues. In this
sense, the local hae ic structure is intimately related to atherogenesis onset and progress.
Consequently, a morgddeep understanding and better descriptions of the flow structure in that
region would be of greatest importance to the early detection of stenoses (shown in Fig.1(a) and
Fig.1(b)). Low shear stress regions are associated with the development of stenotics plaques.
Despite the importance of chemical and physiological factors, the localized atherosclerotic lesions
must be related to the local flow conditions as the other factor may be considered in a well mixed
condition, i.e., uniformly distributed along the vessels. In the series of the papers, [Texon, (1);
May et al., (2); Hershey and Cho, (3); Young, (4); Forrester and Young, (5); Caro et al., (6); Fry
(7) Young and Tsali, (8); Lee, (9); Richard et al., (10)] the effects on the cardiovascular system can

study of t
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be understood by studying the blood flow in its vicinity. In these studies the behavior of the blood
has been considered as a Newtonian fluid. However, it may be noted that the blood does not
behave as a Newtonian fluid under certain conditions. It is generally accepted that the blood, being
a suspension of cells, behaves as a non-Newtonian fluid at low shear rate [Charm and Kurland,
(11); Hershey et at., (12) Whitemore, (13); Cokelet, (14); Lih, (15); Shukla et al. (16)]. It has
been pointed out that the flow behaviour of blood in a tube of small diameter (less than 0.2 mm)
and at less than 20sec "* shear rate, can be represented by a

Stenoses

Normal Artery Diseased Artery

Biood Clot

Plaque
(Fatty Deposits)

Fig.(1)a Fig.(1)b

power-low fluid [Hersh (11)]. It‘s also been suggested that at low
s and behaves like a Casson-model fluid
al., (11)]. For blood flows in large arterial
, Jung (23)], which can be considered as a
the rheological behavior of blood is its shear
odynamics of large arterial vessel flows has not
er we investigated the effect of stenosis on the resistance to flow,
tress in an artery by considering the blood as a Bingham Plastic
nd to examine the effect of stenosis shape parameter, we
axially non-symmetrical but radially symmetric stenosis such
s can be change just by varying a parameter m.

2. FORMULATI OF THE PROBLEM

In the present analysis, it is assumed that the stenosis develops in the arterial wall in an axially
non-symmetric but radially symmetric manner and depends upon the axial distance z and the
height of its growth. In such a case the radius of artery, R(z) can be written as follows [Fig(2)]:
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R@ _; Aoz —dy-@-aym, d<z<d+l
R, 1)
=1, otherwise,

where R(z) and Ry is the radius of the artery with and without stenosis, respectively. |y is the
stenosis length and d indicates its location, m > 2 is a parameter determining the stenosis shape
and is referred to as stenosis shape parameter. Axially symmetric stenosis occurs when m = 2, and
a parameter A is given by;

6 1,nm/(m—l)

R (M-1)

where dy, denotes the maximum height of stenosisatz =d +

jio of the stenosis
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boundary condition:
r and incompressible, steady, fully-developed, one-dimensional
ies along the radial direction in an artery reduces to [Young,

()
P

0=——,
or

where (z, r) are co-ordinates with z measured along the axis and r measured normal to the axis of
the artery.

Following boundary conditions are introduced to solve the above equations,
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ou/or =0 atr=0

u=0 atr=R(2)

7 isfinite atr=0 3)
P=F, atz=0

P=P atz=1

2.2 Bingham plastic fluid model:
The stress-strain relation is given by

du
T=T0+u(-aj

where r=(-d—p£j,ro= d_p&}
dz 2 dz 2

where u is axial viscosity, u is viscosity of fluid and
2.3 Herschel-Bulkley fluid model:
The stress-strain relation of Herschel-Bulkley

and i denotes To IS Yyield stress, t is shear stress, R
is the radius ial velocity along the z direction and n is
the flow behavior 0 the vanishing of the velocity gradients in
i e yield stress 1, this implies a plug flow wherever
the fluid are very high, T > 1,, the power-law fluid behavior is

BLEM:

The expression for
conditions (3) and eq

ity, u obtained as the solution of equation (2) subject to the boundary
n (4), is obtained as (for Rp <r <R(2))

u= —Rg (—d—p) (RIR)*-(r/Ry)*)+(rR, /1) (R/Ry)
4p - dz ©)
-(r/R,))-(4R31, /3)(- L d—"’)l’2 ((R/R)**-(r/R)**)
2u dz

The constant plug flow velocity, up may be obtained from equation (5) evaluated at r = Rp.
The volumetric flow rate Q can be defined as,
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R R

Q= [2nurdr=n[r(-du/dr)dr, 7)
0 0

The flow flux, Q when Rp<< R (i.e., the radius of the plug flow region is very small as compared
to the non-plug flow region), is calculated as

Rin d T, T 4R7?
Q=$(—d—2)(R/Ro)4+-°—(R/Ro)3+- - {

3u 7
aR? dp
Q-1 (- L}

1, dp
n? 2 dz

)R/ R0)7} (8)

_9 ©)
dz

From above equation pressure gradient is written as follows,

_dp)_8uQ o
St

- =\ t,m—¢ 4RPm |t 1 dp
f(y) = +-0 $-—0 0.
=)+ 22 (5) 2 { [
Integrating equation (9) using the condition (3

[
AP=P —P = B1Q dz
TR 0(R(2)/Ro) f(¥(z

The resistance to flow is denoted b

(14)

(15)

By equation (1) and (5) we get,

(@)= ()t

the flow of flux, Q, is defined as,
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R R 5
Q:£2purdr:p£r (-(du/dr))dr, 17)
substituting the value of f(t) from equation (5) in equation (17),
p 1/n R(3+%)
7T
== — f (y), (18)
N 2[2uj ah Y
where f(y)= 20— Reyame ___ 4 (1—&)((”“)”) + 1
R ((1/n)+2) R ((1/n)+2)((1/n)+3)

_Re Jamed) __pymn Re.
(@ R ) (=D ( R NI,

y=(R/R) <<1.
Using equation (18) we have,

—(.dp - _ 21 2Q 1, )
i (dzj R(1+3”)[nf(?)(1+ﬁ))

to determine A, we integrate equation (19)

the pressure P; and ssure at z

= 0 and z = 1, respectively, I is the length tube.
_ __2p 1 F (20)
AP—PL-PO—RR—%;%(zQ(TTH Q(R
The resistance to flow is given by the coefilgient A is defined as follow
=(P -P/Q) 21)
A (22)
M
4 NG ( G
f ot ) () yj]
° @+HE+) (( ) '
wherey, = (R,
When there isno s rtery then R = Ry, the resistance to flow,
n
2u L 23)
NOORSET T (£)"
from equation (22) and (23) the ratio of (A/Ay) isgiven as:
) I f n d +IO
7":_0:1'_0_'_(0) J- df+3n F\N (24)
AN I I a (R@IR,) ()
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The apparent viscosity (uo/p) is defined as follow:

1+3n

=(I/(R@/R,)" ™ (¥)

Happ

4. RESULTS AND DISCUSSION

In order to have estimate of the quantitative effects of various parameters involved in the analysis
computer codes were developed and to evaluate the analytical resultgf@btained for resistance to
blood flow, apparent viscosity and wall shear stress for normal agél diseased system associated
with stenosis due to the local deposition of lipids have been detegffine.

1.03

1.025

r

=
o
]

1.

o
fucy
)]

esistance to flow
-
)
=

R
=
o
S
a

[y

0.5
St@hosis Size
R Variation ¢l resistafice to flow with
RSis size f@r diffef@nt values of n
Fig.2 revgals the vari [ with stenosis size (3/Ry) for different values of
flow ior i . bserved that the resistance to flow (A) increases as stenosis size
¢ here that resistance to flow (1) increases as flow behavior index
(n) incre .2, Fig.3 that the ratio is always greater than 1 and decreases as
n decreases ity. t is similar with the result of [Shukla, et al., (16)]. In Fig.3,
resistance to S as stenosis shape parameter (m) increases and maximum

at (m = 2), i. e. in case of symmetric stenosis. This result is therefore
consisting to the res [Haldar, (20)]. Fig.4 reveals the variation of apparent viscosity with
stenosis shape param€ter for different values of stenosis size. It may be observed here that the
apparent viscosity decreases as stenosis shape parameter increases. This figure is also depicted
that apparent viscosity decreases as stenosis size increases. In Fig.5 the variation of wall shear
stress (t) with stenosis length (lo/l) for different values of flow behavior index (n) has been shown.
This figure depicts that wall shear stress (1) increases as stenosis length increases. Also it has been
seen from this graph that the wall shear stress (1) increases as value of flow behavior index (n)
increases. As the stenosis grows, the wall shearing stress (1) increases in the stenotic region. It is

also noted that the shear ratio given by (15) is greater than one and decreases as n decreases (n <
32
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1). These results are similar with the results of [Shukla, et al., (16)]. It is also seen that the shear
ratio is always greater than one and decreases as n decreases. For 6/Ro = 0.1 the increases in wall
shear due to stenosis is about 37% when compared to the wall shear corresponding to the normal
artery in the Newtonian case (n = 1), but for n = 2/3 this increase is only 23% approximately.
However, for /Ry = 0.2, the corresponding increase in Newtonian (n = 1) and non-Newtonian (n
= 2/3) cases are 95% and 56% respectively. Fig.6 consists the variation of resistance to flow ()
with stenosis size (6/R,) for different values of stenosis shape parameter (m). It is observed here
that the resistance to flow increases as stenosis size increases. It shoulddde,also noted here that the
resistance to flow decreases as stenosis shape parameter (m) increaséS. TheSe results are therefore
consistent with the observation of [Haldar, (20)].
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Fig.7 reveals the variation of apparent viscosity (uo/p) with stenosis size (6/R,) for different values
of. stenosis shape parameter (m). It may be observed here that the apparent viscosity decreases as
shape parameter of stenosis increases. This figure is also depicted that apparent viscosity increases
as stenosis size increases. In an artery flow, the viscosity of blood found to vary with the arterial
radius decreasing with it. The diabetic patients are more prone to the various cardiovascular
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diseases. The viscosity of the diabetic patients is higher than that of normal. Therefore the blood
viscosity of diabetic patients is lowered by regular dose of aspirin or injecting saline water in order
to dilute the blood. This lowers the blood pressure. Fig.8 describes the variation of wall shear
stress with stenosis sise for different values of stenosis shape parameter (m). In this graph, wall
shear stress increases as stenosis size increases. This result is obvious because the lumen radius
decreases as stenosis size increases. It is also noticed here that wall shear stress decreases as
stenosis shape parameter increases. This result is similar with the result of [Pontrelli, (21)].
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In this p results for both models. studied the effects of the stenosis in an
ingham Plastic and Herschel-Bulkley fluid model. It has been
concluded that i flow and wall shear stress increases as the size of stenosis
increases for a giv onian model of the blood. These increases are however, small due
to non-Newtonian beh@viour of the blood. It is noted that the non-Newtonian behaviour only
slightly affects the pré€ssure distribution. The results also indicate that as the degree of the stenosis
area severity increases, the pressure gradient required to impel the blood passing through the
narrowing channel increases significantly. This results in a higher pressure to occur in the up-
stream region. The results clearly show how blood pressure increases as the degree of the stenosis
severity increases. The non-Newtonian behaviour has very significant effect on the magnitude of
wall shear stresses.
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